125 PROPOSITIONAL CALCULUS

. e b N
P itional calculus also called statement calculus 18 tl?e bralnc.h of _rnailsler:?tslést that is 1}§ed "
dropo':)‘ela logical system. A logical system Of structure CONSISts of: (f) a umivers 1 Cments, (ii) try
t:::bsfersl as axi%ms for the logical operators, and (iii) definitions that explain equivalence and imp|j;

of statements. ’ '

A proposition (or statement) is used to describe any mathematical structure. It is a .declarati\,e
sentence that is either frue or false, but not both. However, a statement becomes Predlcate Whep
variables are assigned an.appropriate type of values in a formula to drawn conclusmps. Questions,
exclamations and commands are not propositions. ‘

ali()n

The following statements are of declarative type:

M) {2,3} = {1,2,3,4) " (i) P+b=(@+ b)2 — 2ab, for all values of a and )
(if) 9 is greater that 7. " (iv) The earth is round. .

(v) The price of wheat in Delhi rose on 15 ‘August 1998.
(vi) Jaipur is the capital of Rajasthan. . ‘

However, following are not the statements:
() What is the exchange rate of Indian rupees to US _dollars?
(if) What are you doing? - (ii)) May God bless you?
- (iv) Who are you? | Y (v) Lahore is in Bangladesh.

,\-M Propositional Variables and Constants

For convenience English alphabet: p, g,7r,s, ..., etc, are used to represent simple statements and ar®
called propositional variables. For example, we ‘can write,

p = It is raining, ¢ = It is cold.

Similarly, two letters T and F that are used to represéht true and false statement are called proposilioﬂa"
‘constants.
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CHAPTER 12 "MATHEMATICAL LOGIC , 395 L

Mgical Connectives and Gompound Proposition

ndamental connectives Two or m i =
z;logical operators oOr connectives to‘);’:nsl:mp{e Propositions (or statements) can be combined by means
e molecular). However, a Proposit;ilosrllngie Pr(_’POSitiOn called compound proposition (composite
. ’ onsistin ‘o .
(or constant) is called atomic (primary or primitive) Propisi:)if caly fous: prapoaitiosal, Yasistle
on.
he words and phrases (or
anlives. There a::: five lo(gic:lymbOIS) fhat are used to form a compound proposition are called
connect connectives which are frequently used for this se. These are
shown in Table 12.1. purpose. 1he

Table 12.1 Logical Connectives

| Symbol : Connective Word Name
= not negation
A and conjunction
v or . disjunction
= 7 implies or If ... then implication or conditional
= : If and only if . equivalence or biconditional

If p and g are any two propositions, then ~g, pAag, pv g, p =P =4 =Ep=29r@g= p)}
are all propositions.
which does not contain any connective is called a prime
proposition. Few propositions are composed of several simple propositions and their true value 1s
determined by the truth value of each simple propositions and the type of connectives used. The

meaning of the connectives can be summarised in the tabular form known as truth tables.
(g = r), etc. The precedence

A compound proposition (or staternent)

The compound proposition can be constructed as: p A g AT, P A
conventions are in the order given above so that ~p; A py vV P3 = P4y < Ps is taken as: ((((~ py) A D)
vV p3) = Py) € Ps: However, it is good to insert brackets even where it is unneccessary, if this improves

readability.

Truth tables A truth table is the convenient way of summarising the truth values of logical statements.
It indicates the truth values of compound propositions composed of several simple propositions. A truth
table consists of columns and rows. The aumber of columns depend upon the numbers of sample
propositions and connectives used to form a compound proposition. The number of rows in a truth table
are found on the basis of ‘simple propositions. For example, if there are two simple propositions, there will
be 22 = 4 rows. In general, for n simple propositions, the total number of rows will be 2™

ent) has two possibl
F when it is false.

e relation between functions.
uits to perform a given operation based on certain

e truth values, we assign letter T to a

Since each proposition (or statem :
The truth table is useful in

proposition when it is true and the letter

() finding out the validity of an equivalenc

(if) designing and testing the electronic circ
relationship.
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0 12.3 BASIC LOGICAL OPERATIONS

As méntibned earlier that there are three basic logical operations, namel.y, lconﬁclnct:on, flisjl, Clion
- negation, ‘whiéh‘correspond to the English words and, or and not, respectively. These logijca] Operations
are discussed in detail below.

Woniunction

When two or more statements are joined by the connective, denoted by the symbol, A , the ¢q
“statement so formed is called a conjunction. Let p and g be two statements. The.n P Aqfo
which is true if and only if both p and g are true, and is false if p is false or g is false or
- The statementp A q is read as: p and g, and is called the conjunction of p and q.
=5 For exampl.e, let p be the statement ‘Delhi is the capital of India’ and g be the statemen;
 13°. Then p A g which is read as ‘Delhi is the capital of India and 8 + 5 = 13’
the statement ‘8 + 5 = 12, then p A g is false even though p is true.

48 Truth values of the statement p A g in terms of truth values of p and g are given in the truth tap),
- shown in Table 12.2.

Mpouypy
rm a Sta[emem
both are falge

8+5 -
1s true. If, however, qis

Table 12.2 Truth Table for p A g

T T T
T. F Fo
F F wiEh
From Table 12.2, the following observations may be noted:
() With two statements, there are 22 = 4 possible combinations. ;
() The basic truth values in the first two columns are same as binary digits if you place 1 for T
and O for F. :

In logic we may join two totally unrelated statement
the statement p A g: Raju is handsome an

s by the connective ‘and’. For example,
Raju is handsome and ¢: Ramesh is selfi

d Ramesh is selfish, is obtained by Joining two

: statements p:
sh, which are not related.
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B

¥

- The exclusive disjunction is com ,
ent that is true precisely when ;Z::ly called inequivalence (written as p 2 g). since it defines a
g have opposite or equivalent truth values, Two statements

statem .
cally equivalent (=) if they have same truth valy
alues.

? and g are logi

[llustrations
L Letp: 5 is a positive integer, and
g: 5 is a rational number.
Thenp v g:'5isa positive integer’ or *./5 i ;
5 1s a rat Y is] i

b e though ¢ is false, 5 rational number’ is the true disjunction because
5 Letp: Ganga is the mountain, and
q: Delhi is the capital of England.
Then p A g : Ganga is the mountain or Delhi is the capi i isjuncti
e andiq e e capital of England is false disjunction because
Let p : XYZ company earned 20 per cent profit per share in 1998.

q: XYZ company paid 12 per cent dividend per share in 1998.
The inclusive disjunction of p and g is

pvaq: X'Y‘Z company earned 20 per cent profit per share in 1998 or XYZ company

dividend per share in 1998 or both. ‘

paid 12 per cent

The exclusive disjunction of p and ¢ is
pVvq: XYZ company earned 20 per cent profit per share in 1998 or XYZ company

dividend per share in 1998 but not both.
tement, p : This weekend I will g
disjunction, the

the only one city will be visited.
p v g are given in the truth

paid 12 per cent

4 In the compound sta o to Shimla or Nainital, the use of ‘or’ is not
clear. Because, if ‘or’ means inclusive n at least one or possibly both cities will be
visited. If ‘or’ means exclusive disjunction,
If p and g are two simple statements, then truth values of and p A g and

table shown in Tables 12.3(a) and (b)-
Table 12.3(5) Truth Table for p v ¢

Table 12.3(a) Truth Table for p A g
i’ APpNY P q pv49
T T T T T T
oF: T F F T T
EeT. F F T F T
F . ,; L Hpe s oy F _’_’L____’_L___
g is true if either p or g or both are true. If both

statement p vV
when both p and g are

false. The statement p A4 is true only

In table 12.3(b), it may be noted that the
P and g are false, the statement p V ¢ is

either true or false.

to form a statement that is

1 :
233 Negation

j 2 denoted by ~ P is defined _ ’ :

p is read as ‘not p’-

Ifp i v
[mi is a statement, then negation (or nof) of _
e when p i false, and false when p is true. The negation of statement
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‘ 398 DISCRETE MATHEMATICS

In fact, ~ (not) is not a connective because it does connect two statements. However‘ 2
statement if p is the statement.

lSa

[llustrations

. fp:x=3,then~p:x=3.
2 If p : Sun is shinning, then ~ p : sun is not shinning

The truth values of ~ p relative to p are given in Table 12.4.
Table 12.4 Truth Table for Negation (~)

p S ~p
T F
F T

Double negative is positive and can be justified from the truth Table 12.4.
Table 12.5 True Table for Double Negation [ ~ (~)]

P ~p ~(p
T F T
F T F

In Table 12.5 it may be noted that double negation of any statement gives the original statement.

on of compound statements When a compound statement is regreted, its logical connective
changes from and to or and from or to and. For example,

~(prg)=~pv~gq
~pvg)=~par-~g
The following relations are based on above laws:
(@ ~pAr~g)=~pv~(~q)= ~pvyg
B) ~~prg)=~(~q9)v~q=pv~g
@ ~Cpv~q@=~(~pPa~(~9)=p~ag
Example 1 Let p be the statement ‘South-West monsoon is very good this year’ and q be the statement
‘Rivers are rising’. Give the verbal translations of statement (a) and verify the statement (b).
(a) (i) pv ~gqand (i) ~(~pv~qg).
(b) statement x > | is false if and only if X > | is false, when x is a real number.
Solution (a) (i) The South-West monsoon is very good this year or the rivers are not rising.

(i) It is not true that the South-West monsoon is not very good this year and the rivers arc nol
rising. In other words, we can also say that the South-West monsoon is very good this year bul the
rivers are rising. '

(b) The statement x > 1 < x> > 1 is false because if X2 > | means x > 1 orx < 1.

Scanned by CamScanner



m

CHAPTER 12 MATHEMATICAL LOGIC

@~pv~q4=~(prq

@pva=~Cpr~d
(e ~(pra)=~pPV~4

golution (a)

With the help of truth tables, prove that

B ~(pvg)=~pr~q)
(d)p\/~q=(pvq)/\~(p/\q))4

Table 12.6 Truth Table

g g R s e L)
i) @ e ey Al el dO) i (L
T T F F F F F
T L F T T F T
Fy T T ‘F ST F T
lFi F T T L F T

Since values in Columns (5) and (7) are identical, therefore, ~p v ~ ¢ ="~ (p A9

(b)

Since values in Columns (4) a

Table 12.7 Truth Table

() @ ] 6
T T Foi F: F Ry F
T F e F F. T 4 F
F T 2y - F T oo F VR
F F F gl T T

q.

nd (7) are identical, therefore, ~ (pvg) =~pAr=-

Table 12.8 Truth Table

©
iy e :
B 2
T T T F F F T
T F T. o T UE T
F T L by F E T
F Fi S F 2T, T T F

Since values in Columns (3) and (7) identical, therefore,pv g =~ (~p A~ q).

@)

Table 12.9 Truth Table

- 399

Since values in Columns (3) and (7) are identical, therefore, p v ~g=(p Vv g A~(prq)
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124 STATEMENTS GENERATED BY A SET

LetX= AP0 r} be a finite set of statements p, g and r. The following are two definitions for a compound
statement generated by X.
M)A compgund statement generated by X is any valid combination of statements p, ¢ and r in X
with logical operators: conjunction, disjunction and negation.
O A X be any arbitrary element. Then p is said to be the statement generated by X.
@IrA and B are two statements generated by X, then ~ A, A A B, A v B, etc., are also statements.
As mentioned above, the precedence conventions for interpreting statements are in the order: negation,

conjunction and disjunction. For example, instead of writting (p A g) A r, we may write
AgVT Some of the expressions and their parenthesized versions are:

O (pr@ ATforpAgAr
i) (~p) v (=) for~p v ~r

iif) ~ (~ p) for ~~p
The truth values of any statement, ¢ : (p A g) V (~ g A r) generated by the combination of statements
, g are r with logical connectives can be obtained as shown in Table 12.20.

p
Table 12.20 Truth Table for (p A q) V (~ g A7)

{ W ay A e a V. CaAT)
b el e Q) ’
LiF “F F F T . F F -

F e o T F T T T

F AT R i F F F F

F T T F F F F

T SR F F T F F

T " F T F T T T

T T F T F F F

T St LT LR F F

onnectives have not been included in the defini-

Remarks 1. Conditional (=) and biconditional (&) ¢
be obtained from three main connectives:

tion of a statement generated by a set because these can

conjunction, disjunction and negation.

2 A compound statement in its expression gene
example, in Table 12.20 the truth value of the statement ~
statement (p A g) v (~ g A r) generated by p, 4 and r.

rated by a set need not include its each element. For
g A r is same as the truth values of the

125 GONDITIONAL STATEMENTS

?g:;elglsnts such the following occur quite frequently in mathematics and computer science, and there-
» a0 understanding of their nature is very important.
(fg L{ you read, then you will pass the examination.
SO0 do your homework, then you will be allowed to play.
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:El -9=23,

S = 12, then 12 I .
(iif) lf? + 3 then there will be no picnic. ted by If . . ., then to form a single Statemep,
(iv) If it rains, fcdc‘t)m;-lctcigto the form if (condition . ..), thep (concty,

ted to

nnective ‘If ..., then’ is called a conditiop,,
e Co

' tements a
In all these statements, two snmplte S;l:n "
In other words, all such stater(r;ent Stemcnt using th
- compound sta
sion). Therefore, i co | e
tatement or implication. for the conclusion to be true p ond
sta o ent is used as a guarantee ent if p, then g denoted by p o
¢ condltcllonal Stalm:: statements, then compoun(li] Statel:ilitional connective.
and g are tw s, e
?:-:;iigtfon an?i the connective if ..., then ..., 15t
1 ’

thesis p is often a relatiomal
1 tecedent. The hypo
: d the hypothesis or ant ruth value 0 or 1. g o
The staterr}xlent, p ;55021]11:13 becomeys a logical statemercllt ttl:at hai et;l:e;t ot comclhiin I;t is“;n
expression such as x : ) ont 7 " called the con ,
ble x. The statem ’ uter executes g and on th
on the value of the varia : ith iE p aad then ¢", the comp :
. ile dealing with ‘if p | comJ
~exec’u.table state'mf::e' gﬁ:,lfwi; cofnputer goes to the next instruction in th;sptﬁgerzrr?dsfcige:;:_ I:0r
e i structure ‘if p then g else r’, g is executed when p i Cuted
e p s il The o ive if then is denoted by — or = and can be read as follows:
when p is false. The connective if . . .,
(i) p implies g
(i) p is sufficient for g
(iif) p only if g
(v) q is necessary for p
(v) q is consequence of p

tiOn is
q is ap

Truth Table for P=yg

The truth values of P = q in terms of the truth values of p and g are shown in Table 12.21,

Table 12.21 Truth Tapje forp = ¢

- Example 7 Write each of th

‘ itiona] S€ntences jp ¢
1)) Freezing water €Xxpands, : ot

«+ . then form:
(i) A racer wins

flowers,
czes, then it €Xpands.

the race, then he runs fagt,
Owers, then rogeg are vegetableg.

Solution () If water fre
(i) If a racer wins
(#i) If carrots are f]
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12.6 CONVERSE, INVERSE AND CONTRAPOSITIVE STATEMENTS |

12.6.1 Gonverse Statements

verse of a given conditional sta : . .
The conve: andgthe conclusi tement, p = g is a new statement formed by interchanging the
phypothesis, P ton, q of the given conditional statement. For example, if p = ¢, then
converse of it 1s ¢ = P

[llustration Consider the statements:

p : You are guilty, g : You are punished
Thie i mglicatlon p = g states that If you are guilty, then you are punished. The converse of this
jmplication, § = P states that If you are punished, then you are guilty.

ObVi.OuS]}’,.the Statement: _al] guilty persons are punished, is not the same as the statement: every
one who is punished is also guilty. The truth values for p = g and its converse are gives in Table 12.22.

Table 12.22 Truth Table of Converse

T T T T
‘T F F. T
F iT T F

LE E T T

12,6 nverse Statements

The inverse of a given conditional statement, p = ¢ is a new statement whose hypothesis is the negation
of the original hypothesis and whose conclusion is the negation of the original conclusion. For example,

if p = ¢, then inverse of it is if not p, then not g and is wriften as ~p = ~ gq.

llustration As mentioned above, the statement p = g means that ‘If you are guilty, then you are
punished.” The inverse of this statement is ~ p = ~ g which means that “‘If you are not a guilty, then

you are not punished.” The truth values for p = ¢ and its inverse are given in Table 12.23.

Table 12.23 Truth Table of Inverse

29q | ~p=~q

T

T
F
T

‘%ﬂon/trapositive Statements

Th .
ne;f-ontraposmve of a given conditional statement, p = ¢

a :109 of the original hypothesis. For example, if p = g, t
404 1S written ag ~ g = ~p.

is a new statement whose conclusion is the
hen contrapositive of it is if not g, then not
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| that ‘If you are gyjj

. nt, p = ¢ means guilty, the,

lllustration As mentioned above, the statemc' )4 T ichmsius that Toge at}re, : Ny
punished’. The contrapositive of this statement is ~g = ~ P, W mean N

. i+ : ) Punigy,
and its contrapositive are given g Ta eq,
then you are not guilty.” The truth values for p = ¢ 5 ble | 2
Table 12.24 Truth Table of Contrapositive

: T. T F F J T T
& T R, O F T alo T
R Siatle sl n L &

In Table 12.24 it may noted that the entries under p = ¢ and contr’apositive are same. Thy the
statement p = ¢ is logically equivalent to its contrapositive ‘~ ¢ = ~ p’. Also f.rom Tables 12.22 ang
12.23, it may be noted that the converse ¢ = p of conditional statement p = g is logically €quivaey,
to its inverse ~ p = ~ q. Hence, we conclude that

@Wp=>g=~g=>~p
()g=>p=~p=~gq ‘
In other words, given any simple conditional statement, we may obtain the following:
Statement : If p = g is an implication
Converse  : then converse of p = g is the implication g = p, but g=p#*p=gq
Inverse : then inverse of p = ¢ is the implication ~ P=~qg,but~p=~gzpo q

Contrapositive : then contrapositive of p = q is the implication, ~ ¢ = ~ p

The summary of the above definitions is given in truth Table 12.25.

Table 12.25 Summary of Converse, Inverse and Contrapositive

P e
Sl Y
<l
o 5.
<
o

EXQW Provethatp:aqsr-q:.n.p,

Solution Truth values for the given result is shown in Table 12.26

Table 12.26 P=gq=

T

HHm e

-Since entries in Columns (3) and (6) are identical, th

erefore,p:q=~q:~p
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CHAPTER 12 MATHEMATICAL LOGIC 407

]
WM Prove by means of a truth table that ~ (p=gq) = pPA~g
golution  Truth values for the given result is shown in Table 12.27.

Table 12.27 ~ (p = PD=paA~gq

P q P=q | ~(p>yg ~q PA~g
(l) (2) " (3) 4) : (5) : (6)
T T T F F F
T F F T T T
F T T F F F
F F T F T F

Since entries in Columns (4) and (6) are identical, therefore, ~ (p=9)=pAr~q.
amle Prove that conditional operation distributes over conjunction, i.e.
p=(@ar)=(p=2g9a(p=r1)
solution Truth values for the given result is shown in Table 12.28.

Table 1228 (gAr=(p=>g) A (p=7) .

e R e (PR e
ol i B0

e RO GRS s (O

Bl oLl e

R B T R

e e BT I R R
HAam-a 93 me
I R R R
S-S m

e e B R B o il R R |
MHT ST g g
o R R I P

Since entries in Columns (5) and (8) are identical, therefore, the result is true.

Wp, g and r afe three statements, then show that [(p = q) A (g=1r]= (p=nr).Also
write its truth set. [UPTU, MCA, 2008]

Soltion  Truth values for the given result is shown in Table 12.29.

Table 1229 [(p=> @) A(g=n]=>(p=7)
(p=9nrlgn | por | ©O=20)
) R @®

|

s

ey
N
~
~3
S’

o

—_
—
N

H a9 m T
— 3
L

s e B RS IS R R
o B B B B SR
I T T I R

e R T N

T
T‘.
T
LT
I
F
B
g

s ve sk Gek e Ao Uel
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CHAPTER 12 MATHEMATICAL LOGIC 409

i |
in Column (9) are Ts only, therefore, the given statement is true or valid.
Giving reasons in support of your answers dbe
w are equivalent statements:

(a) If Ram is 21 years old, then he has right to vote,

(b) Ram is not 21 years old, then he has a right to vote.

gince entries

ide if the two compound statements given
belo

golution  Let p be Fhe statement Ram is 21 years old and ¢ is the statement, he has a right to vote.
Then statement (a) is of the form p = ¢ and statement (b) is of the form ~ p v ¢. Now in order to show
 that the two COﬂ?POUﬂd statements are equivalent, we have to show that biconditional formed by them
is true for all assignments of p and g. Truth values for the compound statement are shown in Table 12.32.

Table 12.32 Truth Table for P=29Fpvy

| sedl T |p=2qe~pvy
gl (@) ) 4 G (6)

i F F T

F T T T

F T F T

Since entries in Column (6) are only Ts, therefore, the biconditional formed by p and g is true for all
possible assignments. Hence, the two given compound statements are equivalent.

Exa Prove that ~ (p = g) =p N ~q.
Solution The truth values for the given result is shown in Table 12.33,

Table 1233 ~(p=q)=pn—-g

F

T T F
T F ‘i T T T
F T T F F F
VB R ey F T <F

Since entries in Columns (4) and (6) are identical, therefore, the given statement is true.

Bxdipfe 16  Construct truth tables for the following statements:
@(p=p)=(p=~p) b).(p=p)V(P=~p)
©Cg=~p)=(p=9) ' @ (p=>@=nN=>(p=>p=(p=r)

sollltion (a) Truth values for the statement are shown in Table 12.34.
Table 1234 (p=>p) = (p=>~p)
p | pop|p=-~p| (p2p2(=>~p)
| T F F
b o K o T T T
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Ex 0~ Construct the truth table for the following and write the truth set
w p=lvrar~pe~n).
gtion  Truth values for the given statement is shown in Table 12.48.

sol
Table 12.48 P=2Upvia~(pe~r)]

— g RS 3
SP Shae gvirilipo~rl~pa~r) [ (@valp=gva
el e Lk ' ~p o) ~pe =0
@ (GE O B ®) )
s

T T T Lo F T F T T T

T T Bl T T F F F

£ o RN o e v G Py F 5y iF T

T o s 0 L F T F F F

S5 .| T B (5500 o 5 ST T ~F. F T
o N R e oL e Ve L S A T T
B P T S BT e T SE F T

values of p, g and r, respectively for T values in Column (8).

128 _TAUTOLOGIES

The required truth set is: {TTT, TFT, FTT, FTF, FFT, FFF}. The elements of the set are the

Earlier in this chapter we have seen how compound statements are obtained from given simple statements
by using connectives. Ordinarily when a compound statement is written, the truth of such statement is not
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known unless we know the truth or falsity of the component statements. There are
statements that always are true regardless of the truth or falsity of component state
Statements which have this characteristic are called tautologies. In other words, 1quto]

Statement if it is true for all truth value assignments for its component statements. Obviously, the trugh
of a tautology will contain only T entries in the last column.

Certain COmpg,
ments, ¢ nq

. Mpo
gV is q ¢, Unq

tab),

Importance of tautology Tautology helps conclude some statement from Some given Statemeny, P
example, if the statement P = q is a tautology, then it is easy to conclude the truth of ¢ from he lt or
of p. Thus with the help of tautology we move from some given statement to some conc Wb

luding sy
in a step-by-step manner which is justified within the framework of mathematical logic. CMmen
Examﬂlgm:w that the statement (p A q) = g-is a tautology.

Solution The truth table for the given statement is shown in Table 12.49.

Table 1249 (p A q) = q

Ve ik 2k e P ey, S kT s ‘T
et T
BT i T g o ey
T M : T
E . Feggon | lF s o oidE

Since the statement (P A 9) = g has its truth value T for all its entries in the truth table. Hence

it is a tautolpgy.
Exaw{fhow that the statement p v ~ p is a tautology.

Solution The truth table for the given statement is shown in Table 12.50.

Table 1250 pv ~p

Since the statement p v ~ D has its truth value T for all its entries in the table, therefore, it
This is called the law of exclusive middle, i.e. either p is true or it is false. There is no middl

12.&V@N(RADIGTI0N

If a compound statement is false for all true value ass
contradiction, i.e. a compound statement is said to
entries in the truth table. If a statement is a contradi

Example 23 Show that the statement DA~
Solution The truth table for P A ~pis sho

is tautology.
e possibility.

ignments for its component statements, then it is calleqﬂ
be contradicting its truth value if it is false (F) for all i
ction, then its negation will be a tautology.

p is a-tautology or contradiction.

wn in Table 12.51.

Table 12.51 p A ~ P

~ p has its false value F for all its entries in the truth table. Hence, it is a%ﬂ%"

Since the statement p A
C.oa e

1 | et
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CHAPTER 12 MATHEMATICAL LOGIC 415

L e
Exa,"“%/)}(/Eﬁabhsh ~PAD S (~pv~g)asa tautology.
golution  The truth table for the given statement is shown in Table 12.52

Table 12.52 -~ ([) A (]) & (~I7 vV ~q)

é,-ﬁ-,_, i P;‘q .(I{Aq) et o T ~(pArg)(~pv~4q)
@ '@ @ B)Ee | o ‘ L (8) s |
T T T E F F F T

T F F T F T T T

- Fs Tae [ B T T F T T
SECEIE _F T T, T T T

gince Column (8) contains only Ts, therefore, the given proposition is a tautology.

e Show that the statement (p A q) = (P v q) is a tautology, but (p v g) = (p A g) is not.
Solution  Truth table for (p v g) = (p A g) is shown in Table 12.53.
' Table 12.53 (p v g) = (p A ¢)

9. PVa | PAg | VDD EAY.
i Togeld T T s
T F T S D F
F T T F _F
i F -F F 5 T

Since, the given statement does not have all entries as T values in the last column of the truth table,
therefore it is not a tautology.

WG/By means of a truth table, show that the statement p Vv ~(p A q)is a tautology.

Solution The truth table for the given statement is shown in Table 12.54.
Table 12.54 p v ~ (p A q)

N f. ~Ag )

AT T :

Rl F T

aTs F F T , T
: B - T 2 e T T T
P F F T + T

Since the given statement has its truth values T for all its entries in the last column of the truth table,
therefore, it is a tautology.

Show that (p A g¢) A ~ (p v g) is a fallacy or contradiction.
Solution  Truth table for the given statement is shown in Table 12.55.

Table 1255 (pAg)A~(p Vv Q)

Vg | ~bva | GrdAr~@Va.

il o e R T (A
T PRy T T F F
2t S F F T F B
Bipae oy F T 23 F
) S K F F T F
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416 DISCRETE MATHEMATICS

therefore, it is a fallacy.

this compound statement, there
(d) Truth table for the given st

Since the statement has its false values (F) for all its entries in the last column of the truth gy

EJ\(_}; _GONTINGENCY

Contingency is a compound statement whose truth or falsity depends upon the truth va]yeg
component statements.
Example 28 Show that the following statements are contingency.
@p= (p=29) B (pr~q)Vv(~pArq)
@ ~(pva)al~pv~q) d(p=>@anN)=~(p=9q)
Solution (@) Truth table for the given statement is shown in Table 12.56.

Of g

Table 12.56 p = (p = q)

P es e
AT T To%%
KT F F.
F T T
. F F' B

Since entries in the last column of the truth table depend on statements p, g and p = g,
statement is a contingency.

(b) Truth table for the given statement is shown in Table 12.57.
Table 12.57

therefore, given

(pA~q)v(~pAag

ey

Sp g Hliep =k

v RO F SR S SR PR F
T F F T T B T
F 4P T F B | T T,
Biad. 5 F Tl ) d ot BN ‘F

Since entries in the last column of the truth table depend on component statements associated with this
compound statement, therefore, it is a contingency.

(c) Truth table for the given statement is shown in Table 12.58.

able 12.58 ~ (pAg)v (~p A~ q)

e akedl S TR ~(Prg)|
B T LR, T
o e F T F T

W T T E 0 p T
BE |+ F - Ty ! T - T

fore, it is a contingency.
atement is shown in Table 12.59,

el
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" Rule of Inference

~ Addition
Sviﬁlpli‘ﬁcation
Conjunction

Modus ponens ‘

Modus tollens

Hypothatical s'yllogism.

Constructive dilemma | - .

- Disjunction dilemma :

. Destructive dilemma

| Absomption

ey A0
~ p>gandg=r

P
pvq
pArg

PSSy

P piNvg

o N Sp

| A@= 0

A (r5) A (p AN =GV

"

(B= A= ACgv-s=6r"

1//
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